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A solution has been obtained for Ss .ring from thin dielectric disks by approximating the cur- 
rents induced inside the disk with the currents which would exist inside a dielectric slab of the 
same thickness, orientation and dielectric properties. This approximation reduces to an electrostatic 
approximation when the disk thickness, T, is small compared to the wavelength of the incident 
radiation and the approximation yields a conventional physical optics solution when the dimension, 
A, characteristic of the geometrical cross section of the disk (e.g. the diameter of a circular disk) is 
large compared to wavelength. When the ratio A/T is sufficiently large the disk will always be in 
one or the other of these regimes (T< <X or kA> > 1). Consequently, when A/T is large this solu- 
tion provides a conventional approximation for the scattered fields which can be applied at all fre- 
quencies. As a check on this conclusion, a comparison has been made between the theoretical and 
measured radar cross section of thin dielectric disks. Agreement was found for thin disks with both 
large and small values of kA. 
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I. INTRODUCTION 


Dielectric disks are important as models for objects encountered in nature such as the leaves of 
trees or crops and the ice crystals formed in clouds at high altitude (Sheppard and Holt, 1983). Unlike 
the case of the perfectly conducting disk (Meixner and Andrejewski, 1930; Ruck et al., 1970; 

BoM^man et al., 1969) an exact solution for scattering from a dielectric disk has not yet been found. 
Approximations have been reported which apply in the high and low frequency extremes (Ruck et al., 
1970; Bowman et al., 1969; Schiffer and Thielhiem, 1981) and numerical procedures have been 
developed for the inrermediate regime (Weil and Chu, 1976a,b; Sheppard and Hcit, 1983); however, 
a single convenient approximation which can be used for all frequencies does not exist. The purpose 
of this article is to present an approximation for the electromagnetic fields scattered from dielectric 
disks which can be expressed in closed form and which applies for all frequencies when the disk is 
very thin. (The term *'disk’* is being used here to denote an object formed by cutting a thin slice 
from a cylinder of arbitrary cross section. The symbol “T” will denote the thickness of the slice and 
*"A** will denote a length characteristic of the cross section of the cylinder, such as the radius if the 
cross section is circular. A thin disk is one for which A/T> >1.) 

The approach is based on a solution for scattering from dielectric disks developed by Le Vine et 
al. (1983) which applies in the high frequency limit (kA> > 1). This solution was obtained by 
approximating the fields inside the disk the fields which would exist inside a slab of the same 
thickness, orientation and dielectric as the disk. This approximation ignores edge effects but has the 
advantage of using a solution to Maxwell’s equations to approximate the fields inside the disk. As a 
result it applies regardless of the thickness and dielectric properties of the disk. It will be shown in 
this paper that for disks which arc thin compared to wavelength (T< <X), this solution 
is also identical to an electrostatic approximation. Sufficiently thin disks (A/T> > 1) will be in one 
or the other of these regimes (i.e. F< <\ or kA> >) depending on the frequency of the incident 
radiation. Consequently, in this case, this one solution will approximate scattering from the disk at 
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all frequencies (all values of kA). either as an electrostatic approximation when T< < X or as a 
physical optics approximation at higher frequencies when T is not small compared to wavelength. 
This later conclusion has been tested by comparing the theory with measurements. Comparisons will 
be presented to show t ;ia( the theory agrees with measurements of scattering from thin dielectric 
disks both when kA> > 1 and also when kAat 1. 

In the sections to follow an outline will be presented first of the theory for the scattered electric 
field, then the equivalence of this theory with the electrostatic approximation will be demonstrated for 
thin^lisks, and finally compaiison with measurements will be made to verily that this single theory 
can apply for both large and small kA. 
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II. SOLUTION 


Consider a plane wave incident on an arbitrarily oriented dielectric disk. The plane wave is 
assumed to have polarization (direction of the electric field) q and to be propagating in the i direction: 

-^E.ej'^-^ 0) 

where k^ ■-* <j yj and is the amplitude of the plane wave. The disk is assumed to have cross 
sectional shape S(T), where S(r) = 1 on the disk and S(T) = 0 otherwise, and to be comprised of 
material with relative dielectric constant -f je It is assumed that is constant throughout 

the disk and that the shape of the disk S( r) is arbitrary. It is desired to determine the electric field, 

^scai **** 

A formal solution for the scattered fields can be obtained in terms of the fields inside the disk 
using standard procedures (e.g Ruck, et ai., 1970; Le Vine et al., 1983). One obtains: 

= V J (e, - l)E(r') . G(r/ r')dr' 
volume 

where G (r/T') is the dyadic Green’s function for free space: G (7/ r') = { I + VV) 

and R = | 7 - 7' | is the distance between the source point 7' and the observation point 7, A 
tion will be sought in the far field of the disk k^R> > 1) in which case 

G(r/ r') 3 ( I - 66) 

O 

where R^ is the distance from the c:;nter of the disk to the observer and 6 is a unit vector from the 
coordinate origin at the center of the disk toward the observer. To obtain a solution with this for- 
malism the fields inside the disk E (7) must be obtained. These are not known in general and will be 


(2) 

(J 

4 ^ 

,solu- 
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approximated here with the Helds inside an identically oriented slab with the same dielectric proper- 
ties and thickness as the disk. This approximation is similar to the Kirchhoff approximation employed 
in physical optics to solve for scattering from perfectly conducting surfaces. It ought to be reasonable 

when edge effects are not important such as in the case of disks whose cross section is much greater 
than a wavelength. This approximation has the advantage that it employs a canonical form (i.e., the 
Helds inside the disk are a solution to MaxwelPs equations) which also is the correct solution in a 
limiting case (a disk with inHnite cross section). 

The Helds inside the slab are obtained in the usual manner by assuming plane wave modes 
inside and outside of the slab and matching boundary conditions at the slab surfaces (e.g. Bom and 
Wolf, 1959). The procedure is most conveniently executed by resolving the incident wave into com- 
poaent.<? polarized horizontally (perpendicular polarization) and vertically (parallel polarization) with 
respect to the plane defined by i and the normal to the disk, h. The details for disks of arbitrary 
orientation are described in Le Vine et al (1983)., For simplicity letting h » 2, which is suitable for 
purpor<es of the discussion here, the result can be written: 

Esi^Cf.A) “ { Cq exp OMz^) + 

+ Af «q“ exp(-jk^^^) ] exp(jk/,* r,) (3) 

In Equation 3 the vectors^* = ± 13^1 indicate the direction of propagation of the two modes 

inside the slab and the unit vectors denote the direction of polarization of these two weaves: 
q f =h ^ when the incident wave is horizontally polarized (q = h) and q^ = v j when the incident 
wave is vertically polarized (q = v) as defined in figure i. Also the propagation vectors ,d± have 
been resolved into components parallel and perpendicular to the disk (i.e. and one 

can show (Lc Vine ct al., 1983) that 0 ^ ® = >/7f-l+(i«h)2 .. The scalars, e^, in 

Equation 3 are characteristics of the slab obtained by matching boundary conditions at the slab inter- 
faces. When a coordinate system is chosen with the origin at the center of the slab (i.e. halfway 
between the two faces), these scalars are: 
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« - . ^?y!!l.exp(j'/ikT(i4 ^-).nl. 
^ I - r.V'^' 


^ * 


2 , exp(jV4lc T(i + 

1 - 


where i =• 2k.T(T*A) and 


(i • ft) + Aq<ir • A) . 
"• (i . ft) - 6^<r *A) 
+2V^(i *A) 

“ (i . A) - . A) 




1 q = h 

1 

_ q * V 


(5) 


Le Vine et al. (1983) have solved for the scattered field of polarization ^ due to an incident 
wave of polarization ft in terms of a dyadic scattering amplitude f (6, i): 


P • E^(r. q) = (^ .f(b, i) • qJ Eo V” 


(6) 


and they have shown that when Equation 3 is substituted into Equation 2, one obtains 


f(o, i) = C I I - 66 1*1 c*sinc(0.) + c-sinc(^»)| S( »< ), 


(7) 


where 


*..± 

V ’ 


flsb = [—1 + 0*)»A ( h X A), 
»± = ± 5k„ri6 + iS±i-h 


C = _k,.e,-1), 


( 8 ) 
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In these expressions S(7() is the Fourier transform of S(r) with respect to the cartesian coordinates, 

A A 

rj, in the p^ane perpendicular to the normal to the disk; and the unit vectors h and v denote the direc- 
tion of horizontal vertical polarization of the incident wave (as shov/n in Figure 1). 

As a check on Jiis solution, Le Vine (1984) has compared the radar cross section obtained using 
Equation 7 with the radar cross section reported in the literature for special cases and obtained using 
other approaches. The radar cross section can be obtained from Equation 7 using the definition 


= 4t|^ • f (-1, i) • q|* (9) 

?.nd subsutuiing Equation 7 into Equation 9 resul*' in the following simple expression (Le Vine, 

1984): 

where is the physical optics form obtained for the backscatter cross section of a perfectly 
ing disk of the same shape, Rp is the Fresnel reflection coefficient for a wave of polarization 
^<|ii,v I incident on an identically oriented slab of the same thickness and dielectric properties as the 
disk, and jpq » 0 if p q and 5^^ » I if ^ ^ Equation 10 agrees with special cases previously 
obtained using other approaches: It reduces to the physical optics solution for scattering from perfectly 
conducting disks when the disk is made very lossy; it reduces to the form obtained by Schiffer and 
Thielhiem (1981) for very thin disks; and at normal incidence, it has the form obtained by 
Neugebauer (1956, 1957) and verified by experiment (Ruck et al., 1970). 

It is also interesting to observe that Equation 7 reduces to the result obtained with a Bom 
approximation when the relative dielectric constant is not large (e.g. 6^ s 1) and the change in phase 
as the wave propagates through the disk is small [k^T(0'^*h)< < 1]. In this case *6 = - i*n 
because s 1. Consequently, r^ s 0, t^ = I and c ^ s 0, s 1. Using these results in Equa- 
tion 3 it is found that the wave inside the slab is approximately the incident wave, just as is assumed 
in the Bom approximation (Ishimaru, 1978; Bohren and Huffman, 1983). 
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III. EQUIVALENCE WITH THE ELECTROSTATIC APPROXIMATION 


In the limit of very thin disks the fields inside the disk (Equation 3) reduce to those obtained 
assuming an incident electrostatic field at the slab boundary with the same direction (polarization) and 
phase as the electric field associated with the incident plane wave. When kA< < I the change in 
phase across the disk is neglible making the use of the electrostatic approximation in Equation 2 
equivalent to Rayleigh scattering (Ishimaru, 1980; Bowman et ai.., 1980). 

To see that Equation 3 reduces to the electrostatic approximation for thin disks notice that when 
k^T is small, exp (±Jk^ 0 ^] at 1 and exp (jk^T) s I. Hence, Equation 3 becomes 

Es,ab( r. q) * [q,"^ e^"^ + q“<-J exp (j • r,) (11) 


and 




e- 2_ 

<1 1 • r^ 


(I2a) 

(12b) 


where q€(h,v|. As evident from Equation 11, when k^T is small the fields inside the disk are con- 
stants with respect to z and vary only with the coordinates, r^, parallel to the surface of the disk. The 
constant is given by the terms in brackets on the right in Equation 1 1 , It has the value obtained in 
statics when a unit amplitude electric field with direction (polarization) q is applied to the slab. 

To see this, consider separately the cases when the incident wave is horizontally or vertically 
polarized. When the incident wave is horizontally polarized (q ^ h), the polarization vectors of the 
waves inside the slab are (if (see Figure 1). Hence, the term in brackets in Equation 1 1 is: 

q - ^ f n t n 

= + Sh <*3) 

= h 


The last step follows because eh+Ch = l which is obtained from Equations 5 and 12. Equation 13 
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$tst«s that when the incident electric fwld is perallei to the boundary (it has unit amplitut'c and direc- 
tion 6 ), then the total electric field inside the slab and parallel to the boundary (i.e. in the directions 
h('*'and 67 ) has the same amplitude as the incident wave. That is, the tangential electric fields are 
continuous across the boundary. When the incident field is vertically polarized (q » v) the electric 
fields inside the slab point in the directions (Figure I). In this case: 

04a) 

and resolving into components perpendicular and parallel to the disk one has: 

• ■*" KK * K J *•" h + (14b) 

+ [e* - e“ 1 cos 0 ^ (n x h) 

where cos fij ^ - t • h and cos * A ^re the angles the incident wave and waves inside the 

slab, respectively, make with the normal to the slab (Figure I). The unit vector h x h is tangential to 
the surface of the disk and has the dii^on of the component of vertically polarized incident electric 
field which is tangential to the surface. Using the result e^ - 07 » cos^j/cos^^ (Equations 5 and 12) 
it is clear that this component has fnai;)ih'jde cos Since this is also the magnitude of the component 
of vertically polarized incident field which is parallel to the boundary, this term is again a statement 
that the tangential component of the incident electnc field equals the total tangential component of the 
electric field inside the slab. The remaining term in Equation 14b is the component of the vertically 
polarized electric field normal to the boundary. It must satisfy the constraint that the normal compe- 
nent of electnc field density (i.e. ~D • n - e E • n) is continuous across the boundary. Equating the 
external applied component of D normal to the surface (of magnitude sin dj ) with the total normal 
component inside the slab and using the relationship 
e^ + e” * one obtains 

sin 

sin 

where if, * is the index of refraction of the medium inside the disk and ifj = 1 is the index of 

refraction of the medium outside the disk. Equation IS is just Snell’s law and determines in terms 

of and . 
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IV. COMPARISON WITH EXPERIMENT 


It has just been shown that when k^T < < I Equation 3 is equivalent to the solution obtained in 
statics for the fiei<\|s inside the slab when a unit amplitude electric Held is applied to the slab, e.xcept 
that at each point the solution is assigned the phase expOkg/S, • F() of the incident plane wave. 

When this result is used in Equation 2 for the Helds inside the disk, it leads to an approximation 
sometimes called an electrostatic approximation (Bohren and Huffman, 1983.) When in addition, 
koA< < I this solution is the conventional Rayleigh approximation (e.g. Ishimaru, 1980; Bowman 
et al., 1969). This follows because when kgA< < 1 the change in phase across the disk due to the 
incident plane wave is neglible. 

In the other extreme, when k^ A > > I , the use of Equation 3 in Equation 2 leads to a solution 
with properties similar to those obtained with the Kirchhoff approximation used in physical optics. 

The properties of the solution for the scattered fields in this case have been described by Le Vine et 
al (1983). In this case the solution applies evMn when k„T> 1 as long as edge effects can be 
neglected. The solution in this regime has been shown to yield conventional results in special cases 
(Le Vine, 1984). 

Equation 3 can be used to obtain approximations in such different frequency extremes because it 
is a correct solution to Maxwell’s equations for a canonical problem, the slab. It correctly represents 
the Helds inside the slab at all frequencies and for arbitrary slab parameters (e.g. thickness and dielec- 
tric constant). The intrinsic limitation on the use of Equation 3 as an approximation for the Helds in- 
side the disk is that it neglects the effects of the edges of the disk. These characteristics suggest that 
when edge effects are not important, the use of Equation 3 in Equation 2 may accurately represent the 
scattered Helds at all frequencies. Edge effects ought to be neglible for disks which are very thin 
compared to their physical cross section (' c. disks for which A/T> > 1). 
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An attempt has been made to test this hypothesis by comparing the theory with measurements of 
scattering from thin dielectric disks. The literature on scattering from dielectric disks of any «hape is 
sparse, and it is even more difftcult to find measurements of scattering from dielectric disks for which 
A/T> >1. Furthermore, in order to properly test this theory data is needed over the frequency range 
from kA> > 1 to kA< < i. Measurements were found of scattering from dielectric disks with A/T = 
3,000 and kA^2S which is quite suitable to test the theory in the high frequency regime (kA> > I). 
The agreement between experiment and theory is quite good in this case. At the lower frequency 
regime (kA< 1) data was found for disks with A/T s 5 and kA s 0.75. The ratio A/T is clearly 
smaller in this case than desirable to exclude edge effects; however, the measurements agree surprise 
ingly well with theory for incidence angles within about 30® of nadir. Details of these comparisons of 
theory and measurement are discussed below. 

First consider the case when kA is large. A comparison has been made of the theoretical radar 
cross section obtained from Equations 7 and 9 with values of the radar cross section of very thin 
dielectric disks measured by H. G. Carter of the Microwave Materials Research Laboratory, General 
Dynamics Corporation, Fort Worth, Texas. These measurements (unpublished) were performed for J. 
Eckf w>^an of System Planning Corporation (SPC-Technoiogies) who brought them to the author's 
iit^mion. The experiment consisted of measuring the radar cross section of square sheets of nylon 
fabric. The fabric was mounted on a pedestal in an anechoic chamber and rotated ;o that the cros.s 
section could be measured as a function of incidence angle. The samples were 30.48 cm on a side and 
.0106 cm thick (A/T s 3000) with a relative dielectric constant of - 2.272. Measurements were 
made at frequencies of 16 GHz, 9.75 GHz and 4.0 GHz (kA— 102, 62, and 26, respectively). Exam- 
ples of the measured radar cross section at 16 GHz and 9.75 GH? are shown in Figures 2 and 3 
and an example of measured at 4.0 GHz is shown in Figure 4. ideally, the measured cros.s sec- 
tion should be symmetric about nadir. Asymmetries are apparent in the data and are most likely due 
to the structure holding the sample (a styrofoam box) or variations in the nulling procedure used to 
eliminate contributions from the background in this CW system (H. Carter, private communication). 
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The noise level is about -45 db as is evident from the figures. 

The theoretical radar cross section is obtained by substituting Equation 7 into Equation 9. For 
very thin disks the results simplify considerably (Le Vine, 1984) and one obtains: 




sine (k„X sin tf) ' 

>/57 " J 


[ sin^tf - €, COS” 91 - 

1 


hh 


(I6a) 


(16b) 


where is the size of one side of the square sample 30.48 cm). The radar cross section 
obtained from Equations 16 ha.# been plotted for comparison on the left in Figures 2-4. Comparing 
the pairs in each figure indicates good agreement between theory and measurement. The agreement is 
very good near nadir. At angles off nadir the location of the nulls predicted by the theory are in good 
agreement with measurement and the envelope of the measured curves compares well with theory 
until the data becomes dominated by noise. The main differences between theory and measurement are 
asymmetries present in the data and not in the theory. 

In the low frequency regime (kA< l> comparison has been made witfi the measurements of 
Allan and McCormick (1978; 1980). They measured scattering from dielectric di.sks of circular cross 
section and relative dielectric constant €f=s3.i8+j 0.036. In these measurements the frequency of the 
radar was constant (2.86 GHz) and measurements were made on several disks with different combina- 
tions of radius and thickness, yielding a data set with 0.76^ kA^3.8 and 1.25 <A/T ^5.0.' 
Measurements were made using circular polarization and the disks were rotated to obtain values of the 
^ross section, a, for circular polarization as a function of incidence angle. Examples of a/X- (where X 
is the wavelength of the incident radiation) as measured by Allan and McCormick (1980) are plotted 
in Figures 5-7 using the solid lines. Figure 5 shows a/X^ for a disk with A/T=5.0 at kA=0.76, 2.3 
and 3.8. (A is the radius of the disk). Figure 6 illustrates the scattering from .several disks with the 
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same kA (kA»3.8) but with increasing thickness. The disks used for these meatturements are shown 
to scale below each figure. Figure 7 shows the same data plotted as a function of disk thickness but at 
a smaller kA (kA^I.S). Edge effects are clearly evident in ail these data when the incidence angle is 
greater than about 60° . !n fact, the thickest disks have cross sections which are almost as large at 
edge-on incidence (90°) as at nadir (0°). 

The theoretical expression for the radar cross section fc r circular polarization, j, can be 
obtained from Equation 7 as follows: 

* + ®vv + 2 t Re(f^^f;^)l 

where fpq P • ^ ( » ) • A and and are the radar cross sections for linear polarization as 

defined by Equation 9. The theoretical values for the radar cross section, obtained by substituting 
Equation 7 into Equation 17 have been plotted as dashed curves in Figures S-7. Equation 7 has been 
used without the simplification appropriate for thin disks used to obtain liquations 16 because in this 
data set k^T is not particularly small. Figure 5 shows a comparison of theory and measurement for 
the thinnest disk available in the data set (A/T-5.0) at several values of kA. Notice that the agree- 
ment is good for incidence angles less than about 30° at the larger values of kA and is reasonable 
even for kA=0.76. Figures 6 and 7 illustrate the importance of disk thickness on the agreement 
between theory and experiment. For the thinnest disk and the largest kA (Figure 6) the agreement 
between theory and measurement is good for incidence angles less than about 30°; however, for 
thicker disks die agreement deteriorates rapidly. One would expect the agreement to improve for disks 
with larger values of AJT (e.g. Ayj> 100) for which the theory is more appropriate and a trend in 
this direction is evident. The theory Ignores edge effects, as described above, and its failure to predict 
these effects is clear in the data (e.g. at incidence angles greater than 60°). However, for disks with 
much large A/T, for which the theory is intended, these effects ought to be significantly less in rela- 
tive importance than in this data set. 
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V. CONCLUSIONS 


A solution has been presented for scattering from chin dielectric disks which applies for all fre- 
quencies regardless of the size of the disk compared to wavelength. The solution is equivalent to 
either an electrosutic approximation or physical optics approximation depending on the ratio of thick- 
ness compared to wavelength. The solution applies whenever the dimension. A, characteristic of the 
cross section of the disk, is much larger than the disk's thickness (A/T> > 1). This is a restriction 
which is not unreasonable for nuuiy objects occuring in nature for which a disk might be used as a 
model: For example, AJT 2 SOO for mature leaves of soybean plants. 

In order to check that the theory does apply over a wide range of kA, a comparison was made 
with available measurements of scattering from thin dielectric disks. The ideal experiment would con- 
sist of measuring the scatter from a single thin disk as function of frequency proceeding from 
kA< < 1 througli the resonant region to kA> > 1. If the theory is valid, it should describe the scat- 
tered fields at each frequency regardless of kA for disks for which A/T > > I . Although the ideal 
experiment was not performed, data were located on scattering from disks at large and small values of 
kA. The agreement between data and experiment was good when kA > > I , apparently being limited 
in this case more by noise in the experiment than limitations in the theory. For the case when kA was 
not large, the size to thickness ratio of the disks used in the measurements was marginal for applica- 
bility of the theory (A/T - 5), and it would not have been surprising had the agreement been poi)r. 
However, the data showed surprisingly good agreement with the measurements at incidence angles 
less than 30^. The agreement seemed to improve with increases in kA and A/T as expected from the 
theory . 
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Figure 3. Scattering from a thin rectangular disk at f=9.75 GHz. Theory (left) and data (right). 
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Figure 6. Scattering from circular dielectric disks with kA =3.8 and different thickness. The measurements 
(solid curves) are from Allan & McCormick (1980). 











Figure 7. Scattering from circular dielectric disks with kA = l .5 and different thickness. The data (solid 
lines) are from Allan & McCormick (1980). 





